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t^^ ' Abstract 



The moduli space of vacua for the confining phase of A^ = 1 SO{Nc) supersymmetric 



D . gauge theories in four dimensions is analyzed by studying the M theory fivebrane. The 

'^ ' type IIA brane configuration consists of a single NS5 brane, multiple copies of NS'5 

branes, D4 branes between them, and D6 branes intersecting D4 branes. We construct M 
^ ■ theory fivebrane configuration corresponding to the superpotential perturbation where 

j^ . the power of adjoint field is connected to the number of NS'5 branes. At a singular point 

in the moduli space where mutually local dyons become massless, the quadratic degen- 
eracy of the N = 2 SO{Nc) hyperelliptic curve determines whether this singular point 
gives a A^ = 1 vacua or not. The comparison of the meson vevs in M theory fivebrane 
configuration with field theory results turns out that the effective superpotential by the 
integrating in method with enhanced gauge group SU{2) is exact. 
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1 Introduction 



In the last years we have seen how string/M theory can be used to study non-perturbative 
dynamics of low energy supersymmetric gauge theories in various dimensions. One of 
the main motivations is to understand the D(irichet) brane dynamics where the gauge 
theory is realized on the worldvolume of D branes. 

This work was pioneered by Hanany and Witten |1[] where the mirror symmetry of 
N = 4 gauge theory in 3 dimensions was described by changing the location of the 
Neveu-Schwarz(NS)5 brane in spacetime ( See, for example, [^ |^ ). As one changes the 
relative orientation of the two NS5 branes [Q while keeping their common 4 spacetime 
dimensions intact, the N = 2 supersymmetry is broken to A^ = 1 [^ Q. Using this 
configuration they described and checked a stringy derivation of Seiberg's duality for 
N = 1 supersymmetric gauge theory with SU{Nc) gauge group with Nj flavors in the 
fundamental representation which was conjectured some time ago in 0. This result was 
generalized to brane configurations with orientifolds which give A^ = 1 supersymmetric 



theories with gauge group 5*0 (Ac) or Sp{Nc) R 0] ( See also [0, |T0|, |TT[ for this approach 



and 0, 0, |Tj, [T5|, |T6[ for an equivalent geometrical approach 



The branes in type IIA/IIB string theory were considered to be rigid without any 
bendings. As the branes are intersecting each other, a singularity occurs. In order to 
avoid that kind of singularities, a nice explanation was found by reinterpreting brane 
configuration in string theory from the point of view of M theory by Witten in [|17 |. 



Then both the D4 branes and NS5 branes used in type IIA string theory originate from 
the fivebrane of M theory ( the former is an M theory fivebrane wrapped over S"*" and 
the latter is the one on H}^ x S"*" ). That is, D4 brane's worldvolume projects to a five 
dimensional manifold in R-*^" and NS5 brane's worldvolume is located at a point in S""^ 
and fills a six dimensional manifold in R-*^". In order to insert D6 branes one has to use 



a multiple Taub-NUT space |]18| whose metric is complete and smooth. Therefore, the 
singularities are removed in 11 dimensions where the picture becomes smooth, the D4 
branes and NS5 branes become the unique M theory fivebrane and the D6 branes are 
the Kaluza-Klein monopoles. The property of A^ = 2 supersymmetry in four dimensions 
requires that the worldvolume of M theory fivebrane is R-*"'^ x E where S is uniquely 
identified with the curves [^-[^ that appear in the solutions to Coulomb branch of the 



field theory. Further generalizations of this configuration with orientifolds were studied 
in |]25| , p6| . The original work [^ was appropriated for understanding the moduli space 



for A^ = 2 supersymmetric gauge theories. In |^, |28| ( See also ||29|, ^, |31| ), this was 
seen in M theory, by considering the possible deformation of the curve S. 

The exact low energy description of A^ = 2 supersymmetric SU{Nc) gauge theories 
with Nf fiavors in 4 dimensions have been found in [^. They obtained the informa- 

1 



tion regarding the Afileck-Dine-Seiberg superpotential [Q for Nf < Nc, in M theory 
approach. It has N^ branches corresponding to A''^ D4 branes and there exist two asymp- 
totic regions corresponding to two NS5 branes. The M theory fivebrane [27] is described 
by the curve 

Nf 

f - 2CmAv, Uk)t + X^^lf' \{{v + m,) = (1.1) 

1=1 

where v = x'^ + ix^, t = exp(— (a;^ + ix^^)/R) where x^° is the eleventh coordinate of M 
theory compactified on a circle of radius R, Cnc{v, Uk) is a degree N^ polynomial in v with 
coefficients depending on the moduli u^ and mi{i = 1, 2, ■ ■ ■ , Nf) is the mass of quark. 
By rotating the N = 2 configuration ( which implies to add a mass term /i2Tr($^) where 
$ is the adjoint field ) an A^ = 1 configuration is obtained. The asymptotic conditions 
are changed and the M theory fivebrane is described now in an (f , t, w) space where 

8 I • 9 
W = X + IX . 

This approach has been developed further and used to study the moduli space of 
vacua of confining phase of iV = 1 supersymmetric gauge theories in four dimensions 
|pT| . In terms of brane configuration of IIA string theory, this was achieved by taking 
multiples of NS'5 branes rather than a single NS'5 brane. In field theory, this is done by 
generalizing to the case of the superpotential AIV = I]^2 A*fcTr($'^). This perturbation 
lifts the non singular locus of the N = 2 Coulomb branch while at singular locus there 
exist massless monopoles that can condense due to the perturbation. 

In the present work we extend the results of [^ to A^ = 1 supersymmetric theories 

with gauge groups S0{2N^ and S0{2Nc + 1) and also generalize our previous work 

33 1 which dealt with a single NS'5 brane in the sense that we are considering multiple 



copies of NS'5 branes. We will describe how the field theory analysis obtained in the low 
energy superpotential gives rise to the geometrical structure in (f , t, w) space. For more 
than one massless dyon^, a mismatch is found between field theory results which have 
been studied in |^ ^] and brane configuration results for the exact result W/^ = 0. 
As in SU{Nc) case, this implies that the minimal form for the effective superpotential 
obtained by "integrating in" is not exact [^ , in general, for several massless dyons. 



This paper is organized as follows. In section 2, we summarize some results con- 
cerning the N = 2 moduli space of vacua for SO{Nc) supersymmetric gauge theory. 
By adding tree level superpotential perturbation AW to N = 2 superpotential, we can 
analyze the A^ = 1 field theory. In section 3, we describe the M theory fivebrane configu- 
ration corresponding to A^ = 1 theory with superpotential perturbation AW. In section 
4, we calculate meson vacuum expectation values ( vevs ) and the result is in complete 
agreement with field theory results discussed in section 2, for one massless dyon. Finally, 
in section 5, we come to the conclusions and the outlook in the future directions. 



^ What we mean by dyon is a state charged electrically or magnetically or both. 



Note that this techniques of intersecting branes in string/M theory have been used 
to obtain much information about supersymmetric gauge theories with different gauge 
groups and in various dimensions [0, H H, |3' EH' E3' 0' H El> H^ EB El' H' 1^ 



53, 54, 55, 56, 57, 



60|, |61], H, H, HI 



2 Field Theory Analysis 



Let us first review some field theory results already obtained in [^ ^ ^ ^ ^ p5| . 
We claim no originality for most of results presented in this section except the description 
of the singular point in the moduli space where mutually local dyons become massless 
and the computation of the generating function for the parameter ^2k ( See, for example, 
and { ^727\ j ). 



2.1 N = 2 Theory 

Let us consider N = 2 supersymmetric SO{Nc) gauge theory with matter in the Nc 
dimensional representation of SO{Nc). In terms of iV = 1 superfields, N = 2 vector 
multiplet consists of a field strength chiral multiplet VF^* and a scalar chiral multiplet 
$a6, both in the adjoint representation of the gauge group SO{Nc). The quark hy- 
permultiplets are made of a chiral multiplet Q^ which couples to the Yang-Mills fields 



where i = 1,- ■ ■ , 2Nf are flavor indices and a 
superpotential takes the form. 



Nr are color indices. The A^ 



W = V2Qi<!>abQU, + V2m,,QlQi, 



(2.i: 



where Jj, is the symplectic metric 



i> 
-1 o> 



Inj xNf used to raise and lower SO{Nc) flavor 



'0 1^ 
1 0^ 



indices ( Iwf xNf is the Nj x Nj identity matrix ) and mij is a quark mass matrix 
diag(mi, ■ ■ ■ , rriM^). Classically, the global symmetries are the flavor symmetry Sp{2Nf) 
when there are no quark masses, in addition to f/(l)i? x S'[/(2)/j chiral R-symmetry. The 
theory is asymptotically free for the region Nf < N^ — 2 and generates dynamically a 
strong coupling scale Ajv=2 where we denote the N = 2 theory by indicating it in the 
subscript of A. The instanton factor is proportional to A;y=2 ^ ■ Then the U{1)fi 
symmetry is anomalous and is broken down to a discrete Z2Nc-4-2Nf symmetry by 
instantons. 



The [Nc/2] complex dimensional moduli space of vacua contains the Coulomb and 
Higgs branches^]. The Coulomb branch is parameterized by the gauge invariant order 

^ We denote [Nc/2] by the value of integer part of Nc/2. 



parameters 

U2k =< Tr(02'=) >, A; = 1, ■ ■ ■ , [iV,/2], (2.2) 

where is the scalar field in A^ = 2 chiral niultiplet. Up to a gauge transformation 
can be skew diagonalized to a complex matrix, < >= diag(Ai, ■ ■ ■ , A[Ar^/2]) where 
Ai = (^° ~o"')- ^^ ^ generic point the vevs of breaks the SO{Nc) gauge symmetry to 
^(1)'^='^' and the dynamics of the theory is that of an Abelian Coulomb phase. The 
Wilsonian effective Lagrangian in the low energy can be made of the multiplets of Ai 
and Wi where i = 1,2,- ■ ■ , [Nc/2]. If k Oj's are equal and nonzero then there exists an 
enhanced SU{k) gauge symmetry. On the other hand when they are also zero, there 
is an enhanced S0{2k) or S0{2k + 1) depending on whether Nc is even or odd. The 
property of iV = 2 supersymmetry implies that there are no perturbative corrections 
beyond one loop and there exist nonperturbative instanton corrections. 

The quantum moduli space is described by a family of genus 2Nc — 1 hyperelliptic 
spectral curve^ |]66| , |67| , |69| with associated meromorphic one forms. 



Nf 



vLn = Cl^S-')-^N:.''v'm-'-m^) ior S0{2N, 



i=l 

Uodd 

=1 



CImS^') - Af:^''''''v' n(^' - ^D for S0{2N^ + 1) (2.3) 



where C2Af^(f ^) is a degree 2Nc polynomial in v with coefficients depending on the moduli 
U2k appearing in ( |2.2| ) and mi{i = 1, 2, ■ ■ ■ , Nf) is the mass of quark, that is, nonzero 
quark mass matrix element. Note that the polynomial C2Nc{v'^) is an even function of 
V which will be identified with a complex coordinate {x^,x^) directions in spacetime in 
next section and is given by 

A^c Nc 

4=1 i=l 

where S2k and U2k are related each other by so-called Newton's formula 

k 

2ks2k + Ys2k-2iU2i = ^, k = 1,2, ■■ ■,Nc (2.5) 

i=l 

with So = 1. Recall that the symmetric polynomial S2k in o^ is 

S2k = {-!)' E <■■■< (2-6) 

Jl<---<ifc 



II We will use the subscript "even" for the quantity corresponding to SO{2Nc), "odd" for SO{2Nc+l)- 
Otherwise they have common expression. 



at the classical level. From this recurrence relation, we obtain 

dS2j 1 



which will be used later. When 2r branch points of ( p.3|) coincide, the Riemann surface 
degenerates as we vary the moduli, giving a singularity in the effective action and there 
exists an unbroken S0{2r) or S0{2r+1) enhanced gauge symmetry. On the submanifold 
with all but {Nc — r)/2 of the Oj being zero ( when A^c — ''" is even ), the curve becomes 

vLn = v''{cl^j..^r){v')-A7:^'-''''v^''f-'^^'), (2.8) 

yl.. = ^^"^^(C^k-2.-i(-^)-A^^^,-^-^^^^;^^--) (2.9) 

for massless matter. By absorbing the factor t>'^''(t>'^''+^) into the new variable yeveniVodd) 
we will study the property of singular point in the moduli space. 



2.2 Breaking iV = 2 to iV = 1 

We are interested in a microscopic A^ = 1 theory mainly in a phase with a single confined 
photon coupled to the light dyon hypermultiplet while the photons for the rest are free. 
By taking a tree level superpotential perturbation APF of |35| made out of the Casimirs 
of the adjoint fields in the vector multiplets to the N = 2 superpotential ( p.lD , the N = 2 
supersymmetry can be broken to A^ = 1 supersymmetry. That is, 

W = V2Ql^,,QiJ,, + V2m,,QlQi + AW (2.10) 

wheref*] $ is the adjoint A^ = 1 superfields in the N = 2 vector multiplet and 

Nc-2 
AWeven = J2 /^2fcTr($2*^) + /i2(7V,-l)S2(7V,-l) + APf<l>, 
fe=l 

AWodd = E /^2fcTr($2fc)+;,2iv.S2iv.. (2.11) 

k=l 

Here there exists an extra invariant quantity Pf$ = ^m^^ \ ^hji---iNjN,^^^''^ ' ' ' ^^^'=^^'' 
when Nc is even while Pf<l> vanishes for odd Nc. Note that the fi2{Nc~i) term is not 
associated with U2(Nc-i) but S2(Ar^-i) which is proportional to the sum of U2(Nc-i) ^^^ 
the polynomials of other U2k{k < Nc — 1) according to ( |2.5| ) ( Similar argument for odd 
Nc ). Then microscopic A^ = 1 SO{Nc) gauge theory is obtained from N = 2 SO{Nc) 
Yang-Mills theory perturbed by AW. 



** Our ii2k is the same as their (72fe/2fc in [p5| 



• Pure Yang-Mills Theory 

Let us first study A^ = 1 pure SO{Nc) Yang-Mills theory with tree level superpoten- 
tial (|2.11| ). Near the singular points where monopole singlets charged under f/(l) factors 



become massless, the macroscopic superpotential of the theory is given by 

Nc-l Nc-2 

Weven = V^ E Mi^^Mi + E ^^^kU2k + ^Ji2{N,~l)S2{N,-l) + At/ (2.12) 

j=l fc=l 

and 

Nc-l Nc-l 

Wodd = V2 E M,AM + E /^2fcf/2fc + /i27V.527V.. (2.13) 

«=1 k=l 

We denote by Ai the N = 2 chiral superfield of {Nc — 1) N = 2 U{1) gauge multiplets, 
by Mi those of A^ = 2 dyon hypermultiplets, by f/2fc the chiral superfields corresponding 
to Tr($^'^), by S2k the chiral superfields which are related to U2k through (|2.5| ), and 
by U the one corresponding to Pf$, in the low energy theory. The vevs of the lowest 
components of Aj, Mj, U2k, S2k, U are written as Oj, nii^dy, U2k, S2k, u respectively. Recall 
that N = 2 configuration is invariant under the group f/(l)/j and 5'f/(2)/j corresponding 
to the chiral R-symmetry of the field theory we mentioned last subsection. However, in 
N = 1 theory SU{2)ii is broken to f/(l)j. In order to the theory to be consistent we 
should specify the charges of U{1)r x f/(l) j of the fields and parameters as follows. 





U{1)r 


U{l)j 


A 


2 





MiMi 





2 


IJ'2k 


4-4A; 


4 


U2k 


-2 + 4A; 


-2 


S2k 


-2 + 4A; 


-2 


^N=2 


2 






(2.14) 



The equations of motion obtained by varying the superpotential with respect to each 
field read 



/i2{Ar,-i) _ '^ da. 



E 



-m, 



V2 tl ds2iNc-l)" ''''' 

A ^""'^ da 

"71 = S ^"''''' ^'-''^ 



and 

aimi^dy = i = l,---,Nc-l. (2.16) 

At a generic point in the moduli space, no massless fields appear ( Oj 7^ for i = 
1,- ■ ■ ,Nc — 1 ) which implies rrii^dy = by ( |2.16|) . Thus fJ'2k, fJ'2{Nc-i) and A vanish 
according to ( |2.15| ). Then we obtain the moduli space of vacua of A^ = 2 theory. 

On the other hand, we consider a singular point in the moduli space where / mu- 
tually local dyons are massless ( we can choose local coordinates so that the quantum 
discriminant factorizes into linearly independent factors. This implies that all branches 
intersect transversely ). This means that I one cycles shrink to zero. Then the curve 
(|2.3|) of genus 2A''c — 1 degenerates to a curve of genus 2A^c — 2/ — 1. The right hand side 
of (pD becomes, for S0{2N,), 

I 2Nc-2l 

yLn=ci^s^',u2,)-An-'^v'=m^'-p'? n (^'-?j) (2.17) 

i=l j=l 

with Pi and Qj distinct. A point in the N = 2 moduli space of vacua is characterized by 
Pi and qj. The degeneracy of this curve is checked by explicitly evaluating both y^ven 
and dyl^^^l dv'^ at the point v = ±pi, obtaining thus a zero. Since Oj = for i = 1, ■ ■ ■ , / 
and flj 7^ for i = I + 1,- ■ ■ ,Nc — 1, (|2.16|) leads to 



mi,dy = 0, 1 = 1 + 1, ■■■,N,-1 (2.18) 

while rrii^dyii = 1? ■ ■ ■ ? ^^^ '^ot constrained. We will see how the vevs rriiiiy originate 
from the information about N = 2 moduli space of vacua which is encoded in the values 
of Pi and Qj. We assume that the matrix dai/du2k is nondegenerate and a complex 
2A^c — 2/ — 1 dimensional moduli space of A^ = 1 vacua remains after perturbation. 
In order to calculate dai/du2k, which appears in the eq. ( p.l5| ), we need the relation 
between dai/ds2k and the period integral on a basis of holomorphic one forms on the 
curvep]'], 

dai r v^^^^-^Mv_ 



dS2k -fa, y 



By plugging the expression of y of ( p.l7| ) into ( p.l9| ) and by integrating along one cycles 



around v = ±pi{i = 1, ■■■,/), we get 

da. pI^^^-'^ 



ds2k uu^ipl - p]) nr'-'\pi - q?y/' 



(2.20) 



TT We thank A. Hanany for communicating us the misprint of the power of v in the original hep-th 
version. The correct expression appeared in the pubhshed version of [pTl. 



since the / one cycles shrink to zero. Through the eqs. ( p.7| ), ( p.l5| ) and ( |2.20| ), we arrive 
at the following relation between the parameters fi2k and the dyon vevs m. 



2 
i,dy 



2^ 2^ Tjr«20-fc)Pi T-r« f^2 ^2M-r2JVe-2«/ 2 liTTTJ- ^^'^^^ 



By using the definition 



which will be useful for comparison with brane configuration, we can express the gener- 
ating function for the /i2fc, Z^fc^i ^ '^k^2kv'^''^~^\ in terms of uoi as follows: 

k=l k=l i=lj=l 

Nc-1 I N^ 

= E Ej:v''''''s2u-k)pr-''u^r+oiv-^) 

k=—oo i=l j=l 

= T.^rr%-^ + 0{v-% (2.23) 



In principle, we can find the parameter H2k by reading the right hand side of (|2.23| ). 
This result determines whether a point in the N = 2 moduli space of vacua classified 
by the set of Pi, Qj in (|2.17|) remains as an A^ = 1 vacuum after the perturbation, if 



given a set of perturbation parameters lJ^2k, I^2{n^-i) and A, and gives the dyon vevs 

\dy 



m^dv ^^ ^ill s^^ i^ section 3 that this corresponds to one of the boundary conditions 



on a complex coordinate in {x^,x^) directions as v ( which is realized as a complex 
coordinate in (x^, x^) directions in string/M theory point of view ) goes to infinity. In 
order to make the comparison with the brane picture, it is very useful to define the 
polynomial Heveniv"^) oi degree 21 — 4 by: 

E ^i _ 2llf,ven{V ) /r, rfA\ 

„2(„2 _ ^2\ - T-fl (n,2_^2\- K'^-'^V 



i=l 



v^{v^-pi) nU(^^^-p? 



At a given point pi and qj in the N = 2 moduli space of vacua, Heveniv"^) determines 
the dyon vevs, that is. 



mt,.. = V2p1H,,UpI) \{{p1 - ql?'\ (2.25) 



^i,dy 



which will be described in terms of the geometric brane picture in next section. There- 
fore, all the vevs of dyons rrii^dyii = 1, ■ ' ' ; are found: mi^^yii = I + 1,- ■ ■ ,Nc — I) 
vanishes according to ( |2.18| ). 



Similarly we can proceed ^ the case of S0{2Nc + 1) by starting from 

I 2Nc-2l 

c,v(.^ u,,) - A%vv' = m-'- pif n (-' - ?i) (2-26) 

i=i i=i 

going near a singular point where we get 



Nc Nc I Nc 

fc=l fc=l i=l i=l 



"^^.dy 



We will see how this generating function arises when we consider the brane approach 
which is the main subject in section 3. Also we define the polynomial Hoddiy"^) of degree 
2/ - 2 by: 

V ^^ = 2-^odd(f^) /^ 2P,) 

which will be of use later. At a given point Pi and q^, Hoddiy"^) determines the dyon 
vevs 

^HUpl)X{{pl-qlY"- (2.29) 

m 

Of course, the equations of motion leads to iriidy = for i = I + 1,- ■ ■ ,Nc — 1. 

• Yang-Mills Theory with Massless Matter 

The theory with Nf flavors is similar to the pure case we have discussed. When 
some of branch points of ( p.3|) collide as we change the moduli, the Riemann surface 
degenerates and gives a singularity in the effective theory corresponding to an additional 
massless field. The gauge group is SO{r) x f/(l)(^<=-'')/2 where A'"c — r is even. At very 
special points in the moduli space, there are {Nc — r)/2 hypermultiplets charged under 
these f/(l)'s becoming simultaneously massless. The superpotential at these points is 

Nc~r-1 Nc-2 

We^en = V^ E ^i^i^i + E ^'^kU2k + /^2{iV,-l)^2{iV,-l) + At/ (2.30) 

1=1 k=l 

and 

Nc-r-l Nc-1 

Wodd = V2 E MiAM^ + E /^2fef/2fc + ^l2N.S2N.. (2.31) 

j=l fc=l 



tt We will describe SO{2Nc + 1) case very briefly and simply write down the main results throughout 
this paper because the arguments for SO{2Nc) case go through in the same way. 



As we did in the pure case, the equations of motion can be written as 

;/ ^c-2 ,, a„, Nc-r-1 p, 



^^2{N,~l) _ 'v^ da. 



E 



m. 



2 



V2 fe &j,«,.,) '.'«'■ 

-^ = "g'^™?.*. (2-32) 

and 

aimi^dy = ^ i = l,--- ,Nc-r -I. (2.33) 



Notice that the extra term in the left hand side of ( |2.32|) comes from the fact that U2k 



for k > Nf. — r — 1 are dependent on U2k for k < N^ — r. At a generic point in the moduh 
space, no massless fields mi^dy appear {ai ^ Q ioi i = 1, ■ ■ ■ ^ N^. — r — 1 ) which implies 
'^i,dy = by (|2.33|) . Then we get the moduli space of vacua of iV = 2 theory since all 
the parameters are zero which gives AW = 0. 

In order to reduce this case to the one analogous to the pure Yang-Mills case where 
mutually local dyons are massless, we define yf^en — vlvenh^'^ ^'^ S^^ ^^^ 2r branch points 
of Riemann surface: the curve ( |2.3| ) of genus 2A^c — 2r — 1 degenerates to a curve of genus 
2iVc - 2r - 2/ - 1. Then 

or 

„~,2 _ ^2 („,2\ .A{Nc-r)-{2Nf-4r+4) 2Nf-4r+4 

I 2{Nc-r-l) 

= m^'-p'? n i^'-^') (2-35) 

with all Pi, Qj distinct. Similarly, by redefinition of y^^^ = vlddh^^^"^ "^^ obtain 

2 _ ^2 /,2^ .2{2N,~2T~l)~(2Nf-ir) 2Nf-ir 

I 2{Nc-r-l) 

= m^'-pif n (-'-??)• (2.36) 

Now the equation ( |2.33|) implies that 

mi,dj, = 0, ^ = / + l,---,Ar,-r-l (2.37) 

10 



while rrii^dy for i = 1, ■ ■ ■ , / are not constrained since Oj = for i = 1, ■ ■ ■ , / and Oj 7^ 
for i = l + l,---,Nc — r~l. By analogy with the pure Yang-Mills case, we use again 
the relation: 

da, r v'^^^^-^Mv r t;2(^c-r-fc)^, 



ds2k Ja, y, 



f — . (2.38) 



Then, after making the steps between ( |2.19| )- p.23| ), it turns out the generating function 
for iJi2k is given by: 

where the relation between the function H{v'^),uji and the dyon vevs mf^ is the same 
as in pure Yang-Mills case. Also we get similar result for S0{2Nc + 1), 

E 2kf,2,v'^'-'^ = E ^'""-yifL . + 0{v-\ (2.40) 

fc=l i=l v"^ Pi) 



2.3 The Meson Vevs 

Let us discuss the vevs of the meson field along the singular locus of the Coulomb 
branch. This is due to the nonperturbative effects of A^ = 1 theory and obviously was 
zero before the perturbation ( p. 11 ). We will see the property of exactness in field theory 



analysis in the context of M theory fivebrane in section 4. Equivalently, the exactness 
of superpotential for any values of the parameters is to assume W/^ = 0. 

• S0i2N^) case 

We will follow the method presented in [^]. Let us consider the vacuum where one 
massless dyon exists with unbroken SU{2) x U{1)^''~''^ where 

, -i 

*ei;en = cr2®diag(ai,ai,a2,---,aAf^_i), aa = I | (2.41) 

i 

and the chiral multiplet Q = 0. These eigenvalues of $ can be obtained by differentiating 
the superpotential ( p.lOj ) with respect to $ and setting the chiral multiplet Q = 0. 

Nc-2 a ^ 

^ -^^^jk^k-k^j^^^"'''^"''' ■ ■ ■ $'^^'^^ = 0. (2.42) 



2^=(Ar,-l)! 
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The vacua with classical SU{2) x U{1) "'^ group are those with two eigenvalues equal to 
Oi and the rest given by 02, 03, ■ ■ ■ , a^^^i. It is known from |^, |35| that, if using S2(Nc~i) 
in the superpotential perturbation rather than U2{Nc-i) the degenerate eigenvalue of $ 
is obtained to be: 

We will see in section 3 that in the context of string/M theory, the asymptotic behavior 
of a complex coordinate in {x^,x^) directions for large v determines this degenerate 
eigenvalue by using the condition for generating function of /i2fc ( |2.23| ). Recall that 
f^2(Nc-i)^2(Nc-i) term in (p.ll|) is used rather than f^2(Nc-i}U2(Nc-i) to get this result. 
The scale matching condition between the high energy S0{2Nc) scale A7v=2 and the low 
energy SU{2) scale I^su{2),Nf is related by the following relation 

^%%iN, = mc - 1)^2(..-i))^aS-^^-^"^ (2.44) 

After integrating out SU{2) quarks we obtain the scale matching between AAr=2 and 
^su{2) for pure A^ = 1 SU{2) gauge theory. That is, 

^'sui2) = (2(iV. - l)/i2(^.-i))'AS~'^"'''^det(a? - m') (2.45) 



/^ 



where matrix of means ia®a\ and quark mass matrix m being ( ^ p) ®diag(mi, ■ ■ ■ , tti^v 
Then the full exact low energy effective superpotential is given by 

Wl = iye/±2A|^(2) 
Afc-2 

= Y. /^2fcTr($2f ) + /i2(iv.-i)S^2Wc-i) + ^Pf*^' ± 2A|^(2) (2.46) 

fe=i 

where Wd is the superpotential evaluated in the classical SU{2) x Uil)^""^ vacua and 
the last term is generated by gaugino condensation in the low energy SU{2) theory ( the 
sign reflects the vacuum degeneracy ). In terms of the original N = 2 scale, it is written 
as 

A'c-2 



Wevenil^2k, A, m) = ^ /i2fcTr(<l>2f ) + APf$a + yU2{JV,-l)S2(7V,-l) 



±4(Ar, - l)/i2(^.-i)A^fr'^"'^'det(a? - m'y/'. (2.47) 

Therefore, one can obtain the vevs of meson Mj = Q^Q^ by taking the mass matrix m 
to be (]^ 0) ® diag(mi, ■ ■ ■ , 171^^.) which gives 

M. = ^^ = ±^^ -(AT, - l);x2(^.-i)det(a? - m^)^^ (2.48) 



dmf \f2[a\ - m^ 
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where ai is given by ( p.43| ). It is easy to see that the vacua of gauge invariant order 



parameters which are obtained from Wl parameterize the singularities of the curve (|2.3| ) 
and reproduce the N = 2 curve (|2.3|) . We will see in section 3 that the finite value of a 
complex coordinate in {x^,x^) directions corresponds to the above vevs of meson when 
V — »• ±mj and the other complex coordinate in [x^,x^^) directions vanishes. 

• S0{2N^ + 1) case 

Let us go now to the S0{2Nc + 1) group for which there is no contribution from Pf$ 
and consider again the case of one massless dyon, i.e., the case of unbroken SU{2) x 
[/(l)^'=-i vacua with: 

^"odd = <^2® diag(ai, ai, as, ■ ■ ■ , aiv^_i, 0), (2.49) 



which can be determined by differentiating the superpotential with respect to $ 

9$ 



W'{^) = Y: ^^M^''-% + /^2iv.^ = 0. (2.50) 



Again we use the result of ||3^, ^ where the degenerate eigenvalue of $ was obtained 
to be 

al = ^^--^^^^(^-^ (2.51) 

A'cAi27v, 

We will use this value when we discuss the property of the function of a complex coor- 
dinate in {x^,x^) directions in section 3. The scale matching between the high energy 
S0{2Nc + 1) scale and the low energy SU{2) scale is 

4~ui2{,N, = (2iVe/.2^J(2(iV, - l);.2(iv.-i))AS"'"''^'^ (2-52) 

and after integrating out SU(2) quarks it leads to for pure A^ = 1 SU{2) gauge theory 
A|^(2),7v, = (2A^./i27vJ(2(Ar, - l)/i2(^._i))Afi^-'-'^^^det(a? - m^) (2.53) 

as in S0{2Nc) case. The matrices ai and m are the same as those in even A^c case. As 
a result the low energy effective superpotential is given by 

Nc-l 

Wl = W,i ± 2A|^(2) = E /^2fcTr(<|.^f ) + ^.^^An. ± 2A|^(2), (2.54) 

fc=i 

where again the sign reflects the vacuum degeneracy. The quadratic degeneracy of the 



curve (|2.3|) is confirmed by the vevs of gauge invariants obtained by Wl- In terms of 
original N = 2 scale it is written as 



Wodd{^J'2k,m) = E Ai2fcTr(<l>2f)+/i2jVe4e 
fc=i 

±AjN,iN, - l)fi2N.fi2iN.^i)A'N:2'''''det{al - m'fl\ (2.55) 
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Finally, one gets the vevs of meson Mj = Q\Q\ by using the corresponding mass matrix 



2Nc-l-N 



M. = ^ = ± J^(^^f_ ^2) V^^(^^ - l)/^2^./^2(^.-i)det(a^ - m^fl\ (2.56) 

where Oi given by ( |2.51| ). We will learn how this vevs of meson will occur and relate to 
the asymptotic location in (x^, x^) directions of semiinfinite D4 branes in brane geometry. 



2.4 Several Massless Dyons 



We discuss now the case of several massless dyons. The basic procedure in this direction 
already appeared in |0 for the SU{Nc) case. Let us start with the S0{2Nc) case. The 



classical moduli space is given then by 

^ln = ^2®diag(a^S---,aI'=), (2.57) 

where the eigenvalue Oi occurs ri times, the eigenvalue 02 does r2 times and so on. When 
ri = 2 and Tj = l{i > 1), this will lead to the case of one dyon ( p.41|) . The unbroken 
group is identical to the one of SU case, i.e., SU{ri) x ■ ■ ■ x SU{rk) x U{1)^~^. In ( |2.571 ), 
we consider that all of the Oj's are non zero. If some of them are zero, the unbroken 
gauge group will be a product of several SO groups with several SU groups. 

The procedure to obtain the meson vevs is already clear from the arguments of one 
massless dyon. That is, we decompose $ = $d + ^^ and some of the 5$'s commute 
with ^ci and are integrated first out. Then one obtains just a product of SU{ri) groups, 
each one with adjoints. Some of the vector particles are massive after the symmetry 
breaking and are to be integrated out. After that we integrate out the adjoint fields in 
each SU{ri) so we go from A^ = 2 to A^ = 1 theory. In the A^ = 1 theory we integrate 
out the quarks. The final formula for the scale of the pure A^ = 1 SU{ri) theory is: 

A^ = det(a2 - m')<p{a,r^ n(«| " a^Y^-'''^ ^'1^=2''^''''' (2.58) 

for some polynomial 0(aj) and the low-energy effective superpotential is given by 

Nc-2 k 

Weven = E /^2fcTr($2f) + /i2(iV.-l)S^(iV.-l) + APf$d ± T.J^^i^'^ (2-59) 

k=l i=l 

where z/j is an rj-th root of unity and after differentiating with respect to m| we obtain: 
V2M, = ±J: ^J^det(a,2 - m^) V- n(a? - a^r'^^/^'^Aj,^, - . (2.60) 

i i j j^i 
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In the case of S0{2Nc + 1) gauge group, the classical moduli space is taken to be: 

$:',, = a2®diag(a^^■■■4^0). (2.61) 

Then we obtain the meson vevs by using the same procedure as in the even case and we 
integrate out all the massive fields. The only difference as compared with the even case 

(|2.60|) is the power of Ajv=2 which becomes — — - — -. We will find for the unbroken 

gauge group SU{2) that there exists an agreement between the meson vevs result in 
this section and the one which will be discussed in section 4. However, we will find for 
the unbroken gauge group SU{r),r > 2 that there is a disagreement between these two 
approaches. 



3 Brane Configuration from M Theory 



In this section we study the theory with the superpotential perturbation AW ( p.ll| ) 



by analyzing M theory fivebranes. Let us first describe them in the type IIA brane 
configuration. 

Following [Q, the brane configuration in A^ = 2 theory consists of three kind of branes: 
the two parallel NS5 branes extend in the directions (x°, x^,x^, x^, x'^, x^), the D4 branes 
are stretched between two NS5 branes and extend over {x^ , x^ , x'^ , x^) and are finite in 
the direction of x^, and the D6 branes extend in the directions (x°, x^, x^, x^, x^, x^, x^). 
In order to study orthogonal gauge groups, we will consider an 04 orientifold which 
is parallel to the D4 branes in order to keep the supersymmetry and is not of finite 
extent in x^ direction. The D4 branes is the only brane which is not intersected by 
this 04 orientifold. The orientifold gives a spacetime refiection as (x^, x^,x^,x^, x^) -^ 
(— x"^, — x^, — x^, — x^, — x^), in addition to the gauging of worldsheet parity Q. The fixed 
points of the spacetime symmetry define this 04 planes. Each object which does not 
lie at the fixed points ( i.e., over the orientifold plane ), must have its mirror image. 
Thus NS5 branes have a mirror in (x^,x^) directions and D6 branes have a mirror in 
(x^,x^,x^) directions. 

For S0{2Nc) gauge group, each D4 brane at v = x^ + ix^ has its mirror image at 
—v. Nc D4 branes and its mirror Nc ones. Similarly, for S0{2Nc + 1) gauge group, 
there exist an extra single D4 brane which lies over the 04 orientifold being frozen at 
V = because it does not contain its mirror image, as well as N^ D4 branes and their 
Nc mirror branes. Another important ingredient of 04 orientifold is its charge which is 
related to the sign of Q^. When the D4 brane carries one unit of this charge, the charge 
of the 04 orientifold is =f1, for Q^ = ±1 in the D4 brane sector. We are considering 
the 4 dimensional N = 2 supersymmetric gauge theory on D4 brane's worldvolume, 
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{x^ , x^ , x"^ , x^) directions. The Higgs branch of the theory can be described as the D4 
branes broken the D6 brane, suspended them and being allowed to move on the directions 
{x'^,x^,x^). The dimension of the Higgs moduli space is found by counting all possible 
breakings of D4 branes into D6 branes. 



In order to realize the A^ = 1 theory with a perturbation (|2.11| ) we can think of a single 



NS5 brane and multiple copies of NS'5 branes which are orthogonal to a NS5 brane with 
worldvolume, (x°, x^, x^, x^, x^, x^) and between them there exist D4 branes intersecting 
D6 branes. The number of NS'5 branes is Nc-2 for S0{2Nc) and A^^-l for S0{2Nc + l) 
by identifying the power of adjoint field appearing in the superpotential ( p.ll|) . The 
brane description for A^ = 1 theory with a superpotential (|2.1CI| ) where fi2(Nc-i) = I^2Nc = 
A = has been studied in the paper in type IIA brane configuration. In this case, all 
the couplings, fi2k can be regarded as tending uniformly to infinity. On the other hand, 
we will see in M theory configuration there will be no such restrictions. 



3.1 M Theory Fivebrane Configuration 

• S0{2N,) case 

Let us describe how the above brane configuration is embedded in M theory in terms 
of a single M theory fivebrane whose worldvolume is R-*-'^ x S where S is identified with 
Seiberg-Witten curves |pB|, p7|, [HD[| that determine the solutions to Coulomb branch of 



the field theory. As usual, we write s = [x^ + ix^^)/R, t = e"'' where x^^ is the eleventh 
coordinate of M theory which is compactified on a circle of radius R. Then the curve S, 
describing N = 2 SO{Nc) gauge theory with Nf flavors and even N^, is given |^ by an 
equation in (t>, t) space 

f - ^^^XiMl^i + Af-^"'""'' m^' - m^) = 0. (3.1) 

Here C2Ar^(f^,'U2fc) is a degree 2Nc polynomial in v with only even degree of terms and 
the coefficients depending on the moduli U2k, and m, is the mass of quark. It is easy to 
check that this description is the same as (|2.3|) under the identification 



vH = y + C2NAv'',U2k)- (3.2) 

By adding (|2.11|) which corresponds to the adjoint chiral multiplet, the N = 2 super- 
symmetry will be broken to A^ = 1. To describe the corresponding brane configuration 
in M theory, let us introduce a complex coordinate 

w = x^ + ix^. (3.3) 
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To match the superpotential perturbation AWeven ( |2.11| ), we propose the following 
boundary conditions for S0{2Nc) 

w — > as-u-^cx), t~ v'^'^"''^. 

After deformation, SU{2)Y^s^g is broken to U{l)s^g H l^2k has the charges (4 — 4fc, 4) under 
f7( 1)4,5 X f^( 1)8,9- The charges of coordinates and parameters are given by 





u{iK, 


U{l)s,9 


V 


2 





w 





2 


t 


4(iV, - 1) 





l^2k 


4-4A; 


4 


W=2 


2 






(3.5) 



where t/(l)4,5 = U{1)r and t/(l)8,9 = f^(l)j we have mentioned last section. If we 
consider now only the value k = 2, this reduces to the case of |Q and one obtains in 



(|3.4|) that w"^ ~ /i4f ^ as f ^ cxD which is the same as the relation w ^ fiv obtained in 
[p3| if we identify fj,^ with /i^. This identification comes also from the [7(1)45 and [7(1)3,9 
charges of fi and /i4. So the reduction to the case of a single NS5 brane is found. 

After perturbation, only the singular part of the N = 2 Coulomb branch with / 
or more mutually local massless dyons remains in the moduli space of vacua. The 
corresponding brane configuration is possible only when the curve S degenerates to 
a curve of genus less than 2A^c — 2/ — 1. Let us construct the M theory fivebrane 
configuration corresponding to the correct boundary conditions and assume the condition 
that w'^ is a rational function of f ^ and t. Our result is really similar to the case of SU{Nc) 



311 and we will follow their notations. We write w"^ as follows 



c(f ^)t + d[v^) 

where a, b, c, d are arbitrary polynomials of v"^ and t satisfies the eq. ( ^.1[ ). Now we can 
calculate the following two quantities using the two solutions of t, denoted by t+ and t_ 
which satisfy the equation for t, (|3.1j ) 



2f. ( 2^ 2N , 2(+ I 2s 2s 2acG + 2adC + 2bcC + 2bd 
w (t,(. ),v)+w iUv ),. ) = ,2a + 2cdC + d^ ^'-'^ 
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and 



2!^ , 2^ 2^ 21^ I 2^ 2^ 2{ad - be) S ^/T 



.'itM)y)-^'it_^')y) ^ ^^^^,-^^ (3i 



where there is a relation between 

C^C,mXv\u,,)/v^ and G ^ kfl-'-^'' ^ \{{v' - m^) (3.9) 

implying that 

where 

I 2Nc-2l 

S{v') = Y[iv'-pl), nv')= Uiv'-q]) (3.11) 

with all Pi, Qj's different. Remember that N = 2 moduli space of vacua is determined by 
these Pi and qj. Since w^ has no poles for finite value of f^, w^(t+(f^), f^)±w^(t_(f^), v"^) 
also does not have poles which leads to arbitrary polynomials H{v^) and A^(f ^) given by 

acG + adC + hcC + hd 

= iV, (^o.izj 



c^G + 2cdC + d^ 

{ad — bc)S 
v^c^G + 2cdC + d^) 



H. (3.13) 



It will turn out that the function H{v'^) is exactly the same as the one (p.24|) or ( p.28|) 



defined in field theory analysis. By making a shift of a — *> a + Nc, h ^ h + Nd due to 
the arbitrariness of the polynomials a and h the following relations come out. 

^ ^ a{v')t + h{v-) 

c{v^)t + d{v^y 

= acG + adC + bcG + bd, 
^ {ad - bc)S 

v\c^G + 2cdG + d^)' ^ • ' 

The second equation implies 

a{cG + dG) + b{d + cC) = Q (3.15) 

which can be written as 

cG + dG = -be, d + cC = ae (3.16) 



for arbitrary rational function e. Plugging the values of c and d into the ( |3.14| ), it turns 
out e = S/{Hv'^). By combining all the information for h and d, we get the most general 
rational function w'^ which has no poles for finite value of v"^ is 



w 



N + 



at + cHST/v'^ - aC 
ct-cC + aS/{Hv^) 



(3.17) 



where N, a, c, H are arbitrary polynomials. As we choose two w^'s , each of them pos- 
sessing different polynomials a and c and subtract them, the numerator of it will be 
proportional to t^ — 2Ct + G which vanishes according to ( ^.1[ ). This means w^ does not 
depend on a and c. Therefore, when c = 0, the form of w"^ is very simple. That is. 



w 



N + 



v^H 



S 



{t-C^Njv'). 



(3.18) 



This result will be used throughout the remaining part of this paper. Now we want to 
impose the boundary conditions on w'^ from the most general solution (|3.18| ). From the 
previous relation, by recognizing T^^^ = v^{t — C2iv^/f ^)/S', 



and from the boundary condition ti? -^ for i; ^ cxd, t = t^{v) ^ v 
see the value of N{v^), 



2Nc-2 



(3.19) 
it is easy to 



N{v^ 



Hiv')jT{v^) 



(3.20) 



where 



Hi^v"^) JT(v^) means only nonnegative power of v"^ when we expand around ■ 



cxo. Next, by applying the other boundary condition t> -^ oo, t — ^^n=2 
we obtain 



w 



2H{v')dT{v^) 



+ 0{v 



-2\ 



By noting that w"^ satisfies the following eq. 

w^ - 2Nw^ + N^ - TH^ 



0, 



A 2{2Afc-2-Ar/) 2Arf-2Arc+2 
■'l■^^— 9 U J , 

(3.21) 
(3.22) 



and restricting the form of N, T and H like as A^ ~ civ'^ + C2, T ~ c^v^ + C4V* + c^v"^ + 
ce, -ff ~ ■^, it leads to 



W + (C8 + CgV )w + Cio = 



(3.23) 



for some constants Cj(z = 1, ■ ■ ■ , 10). Then we can solve for v"^ in terms of w^ to reproduce 
the result of |^. As all the couplings fi2k are becoming very large, if(u^) and A^(f^) 
go to infinity. From ( |3.22| ) A^^ — TH^ goes to zero as we take the limit of Ajv=2 -^ 0. 
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This tells us that w"^ becomes ^ ^^ 
findings in p. 



27V 



and as N{v'^) goes to zero, w'^ ^ oo showing the 



The brane configuration was constructed only at the singular point in the N = 
2 moduli space of vacua where (f,t)— plane curves are degenerate to curves of genus 
2Nc — 2/ — 1 given in ( |2.17| ). The general solution for w"^ is 



w 



N{v-)+v-H{v-)'-^'^^^''"^'''" 



Y\\=Av^-pi) 



(3.24) 



where H{v'^) and N{v'^) are arbitrary polynomials of v'^. The boundary condition deter- 
mines N{v^) as follows 



N{v^ 



2Nc-2l 



H{v') n {v'-<f,f'' 



i=i 



(3.25) 



The other boundary condition shows that w"^ behaves as w"^ -^ I]fe=i ^ '^kjj,2kv'^^'' ^'' from 
(|3.4|) . Then by expanding w"^ in powers of v"^ we can identify H{v'^) with parameter ii2k- 
Using TV2 = v'^{t- C/v'^)IS and t = 2C/v^ + ■■■ from (^ we get 



w 



2v^H(v^) 



C2nAv')/v' 



Ui=iiv'^-P\ 



+ 0{v 



-2\ 



E 



C2Nc{v^)uJi 



tv^iv^-pf) 



Y: 2kfi2kv'^'^~'^ (3.26) 

k=l 



where we used the definition of Heven in ( p.24| ) and the generating function of fi2k in 
( |2.23|) . From this result one can find the explicit form of H{v'^) in terms of /i2fc by 
comparing both sides in the above relation. This is an explanation for field theory 
results of ( p.23| ) and ( |2.24| ) which determine the A^ = 1 moduli space of vacua after the 
perturbation, from the point of view of M theory fivebrane. It reproduces the equations 
which determine the vevs of massless dyons along the singular locus. The dyon vevs 



m, 



i,dyy 



given by (|2.25|) 



m: 



i,dy 



V2pIh,,,^{pI)Jt{p. 



(3.27) 



are nothing but the difference between the two finite values of v'^w'^. This can be seen 
by taking v = ±pi in ( p.l9|) and (|3.2CI|) . The N = 2 curve of ( p.l|) and ( |2.17| ) contains 
double points at f = ±pi and t = C2NX'Pi)- The perturbation /\W of (|2.11| ) splits these 
into separate points in (t>, t, w) space and the difference in v'^w'^ between these points 
becomes the dyon vevs. This is a geometric interpretation of dyon vevs in M theory 
brane configuration. 



S0{2Nc + l) case 
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The curve S for N = 2 S0(2Nc + 1) gauge theory with Nf flavors reads in {v,t) 
space 



2 2C2Af^(f^,'U2A;) , , ,4,Nc-2-2N 



Nf 



t+A^j^ ^^n(-^--D=o, 



1=1 



where t is related to y by 



Vt = y + C2Nc{v^,U2k)- 



(3.28) 



(3.29) 



The configuration of M theory fivebrane corresponding to type IIA brane configuration 
has the following boundary conditions 



w 
w 



-A^c 



,2(fc-l) 



Efc=i 2kfi2kv'^'-'> as i; ^ oo, t ~ ..^^^ 

as f — > CX), t ~ |;2Afc-l 



.2i2N,-l-Nf) nNf-2N,+l 



(3.30) 



After doing the similar procedure as in S0{2Nc) case, we arrive at the final expression 



^2^2.m.^^ ^^^^("'^/^ ■— ^ x^C72^.(-V- ^' 



nu(^'-p? 



. / 2 2A -E2fc/^2fct;2('=-') (3.31) 



where we used the definition of Hodd in (|2.28| ) and the generating function of /i2fc in 
( 2.271) . One can find the explicit form of Hiy"^) in terms of /i2fc by comparing both sides. 



3.2 Yang-Mills Theory with Massless Matter 



We have seen that (w, i = y/v"^ + C2(Nc-r){v'^, U2k)/v^) curve (|2.3| ) of genus 2Nc — 2r — 1 
degenerates to a curve of genus 2Nc — 2r — 21 — 1 hj redefining yl^^^ — vlvenh^^ ^'^ S^^ 
the 2r branches of the curve. Now it is straightforward to get the most general form of 
the solution by looking at the eq. of 



(3.32) 



2 Ar/ 2n , 2tt( 2^^-C2{N,-r){v'^)/v^ 

w = N[v ) + V H[v )- 



m=iiv'-p. 



where H{v'^) and Niv"^) are arbitrary polynomials of f^. Once again the boundary 



condition w — * as t; — > oo and t ~ A 



2(2Afe-2-r) 2Afe+2r+2 
N=2 



gives the form of N{v'^) 



N{v'^ 



2(Nc-r-l) 



(3.33) 
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The other boundary condition w'^ -^ Y,k=i^ '^^l^2k'v'^^'' ^^ as v ^ oo,t ~ ti^C^c r i) ^^^ 
the relation i = 2C2(Nc-r) + ■ ■ ■ yield to 



w. 



2rjf 2.C2{N,-r){v^)/v^ 



2v^H{v')- 



Y\U{v^-pI 



+ o{v-^) = E 



^ C2(N,-r){v^) 



- t;2(t;2-p2j 



UJi 



Nc-l 



E 2fc/X2fct;2('' 



2(fc-l) 



(3.34) 



fe=i 



which is precisely in agreement with the eq. of (|2.39|) which determines the relation 
between the function H{v'^),Ui and dyon vevs mf^ after perturbation. Also we will see 
the S0{2Nc + 1) result analogous to the S0{2Nc). For most general deformation of the 
brane, it is 



2 Ar/ 2n , ut 2j-C{2N,-2r-l){v'^)/v 

w = N[v ) + vH[v )- 



ir^=i{v'-pl 



and 



Niv"^ 



2{Nc-r~l) 



H{v') n (t;^-g; 



2 _ „2\l/2 



i=i 



By applying the second boundary condition, we arrive at 



w 



odd = '2vH{v 



2.C^2Nc-2r-l)iv'^)/v , ^^^^ _2^ _ ^ C2Ar,-2r-l (^^^) 



itUv'-pl) 
E 2k^^2kv'^'''^ 



+ o{v-') = E 



i=i yV^ - pi) 



UJi 



k=l 



which is again the same as the eq. of ( p.40| ). 



(3.35) 



(3.36) 



(3.37) 



4 Brane Configuration and Field Theory 



In this section we continue to study for the meson vevs from the singularity structure 
of A^ = 2 Riemann surface. The vevs of meson will depend on the moduli structure of 
N = 2 Coulomb branch ( See, for example, ( [4.8| ) ). Also, the finite values of w"^ can 
be determined fully by using the property of boundary conditions of w^ when v goes 
to be very large. We will illustrate some examples which studied before in field theory 
analysis that was limited for the case of a small number of Nc because it becomes very 
difficult to find the vacua from the quantum discriminant when Nc is very large. 
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4.1 SO{2Nc) Case 



Let us consider the case of finite w"^ at t = 0,v = ±mi and we want to compare with the 
meson vevs we have studied in (p.48|) . At a point where there exists a single massless 



dyon ( in other words, by putting / = 1 into ( p.l7|) ) and recaUing the definition of T( 
we have for Yang-Mills with matter 



Nf 
ry2 I 2\ ,4Nc-4-2Nf 4 -p-r / 2 2\ / 2 2\2rTi/ 2 



and the function w'^ according to (|3.19|) and (p.20|) reads 



w 



-2^T^) 



^-.^^ 



(4.1) 



(4.2) 



where in this case / = 1 means that the polynomial v'^H{v'^) has the degree of zero and 
we denote it by a constant h. From ( ^.1| ) we see for Nf < 2Nc — 2 









^/nv 


') 


C2Nc{ 


V^) 








y2 




v^{v^ - 


-Pi) 


and 


we 


decompose C2Nc 


as 












C2N 
I 


;2 


a 


inM) , 

Pi 


iv'- 



+ 0{v- 



(4.3) 



(4.4) 



for some polynomial f^C2Ar^-4(f ^) of degree 2Nc — 2 which can be determined completely. 
This means that the coefficients of C2Nc-4{'v'^) can be fixed from the explicit form of the 
polynomial C2Nc{v'^)- Through (|4.3| ) and ([4.4|) the part with nonnegative powers of v"^ 

becomes C'2Ar^_4(f^) as follows 



in^^ 



T{v' 



C2N.-4{v') + 0{V- 



T{v^ 



C2Nc-a{v'^)- 



(4.5) 



Thus as f — > itrTij the finite value of w"^, denoted by wf can be written 

h 



w^ =w {v ^ mj = hC2N,-4imi) ± -^JT^mj). 



mt 



(4.6) 



Vn^ 



yields the following relation 



From ( |4.1| ), the relation 



m'j{m'j—p'j^) 



+ 0{m^ ^) holds and the decomposition of 



Tim'j 



mt 



C2nSPi) I ^ (2^ 



(4.7) 
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By plugging this value into ( [4.6| ) and taking the minus sign which corresponds to t ^ 0, 
we end up with 

n^l = -.f¥^y (4.8) 

In order to find C2Nc{Pi) ^^ evaluate it from ([4.1|) at v"^ = pi to arrive at 



.2 _ j^^2N,-2-Nfdet{pj - m2^V2 



■^•-"^^ ' Zi^r^i . (4,9) 

In the above expression we need to know the values of h and pi. On the other hand the 
boundary condition for w'^ for large v leads to 



,2 



f^C2NjjJ^ ^.2[N.-2) , .., „2„2(iV.-3) 



V V — Pi 

which should be equal to '}2k=i^ 2kfi2kv'^^^~^\ Then we can read off the values of h and 
Pi by comparing both sides term by term. 



2 _ i^c- 2)/i2(7V,-2) 
2{JVc-l), Pi - JT-j TT- ■ 



2/. = 2(iv,-i)/i2(^_i), pf = ),; ,;:^" ^ (4.11) 

Finally, the finite value for w"^ can be written as 



2 /.r IN .2JV,-2-JV^det(a[-m2)V2 

w;, = (iVe - l)/X2(iv,-i)Aw=2 — 7-2 — -2^ — (4.12) 

l"i ~ ''h ) 

which is exactly, up to constant, the same expression for meson vevs ( p.48| ) obtained 
from field theory analysis in the low energy superpotential ( |2.46| ). This illustrates the 
fact that at vacua with enhanced gauge group SU{2) the effective superpotential by 
integrating in method with the assumption of W^ = is really exact. 

Example 1: 5*0(6) with one flavor 

We would like to demonstrate the above descriptions by taking the speciflc models. 
The N = 2 theory in this model is described by the curve E: 

V 

2\ 



where the polynomial Cq{v ) is given as (|2.4| ) 



Ceiv^ U2k) = v^ + S2V* + SiV^ + S6 (4.14) 
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in terms of s or 



Ce{v^,U2k) =v^ 




Uc, 




3M4'U2 



+ 



Mo 



(4.15) 



in terms of u. When one dyon becomes massless the locus in the moduh space becomes: 

Cl{v\ u,,) - A%=,v\v' - ml) = {v^ - plfT{v'). (4.16) 

By putting f ^ = p\ in the equation ( |4.16| ) we get one relation and by differentiating 
with respect to f ^ and evaluating the derived equation at v"^ = pf we obtain a second 
relation between S2,S4 and sq. So one of those vevs will remain undetermined. This is 
because for only one massless dyon there exist only terms with v'^ so after taking two 
derivatives, in the right hand side of ( 4.16 ) we would have only terms that cannot cancel 
at f ^ = Pi- For several massless dyons the power of f ^ in the right hand side of ( [4.16|) 
would be bigger than v'^ and we could take two derivatives with respect to v^. Now we 
express S2 and S4 in terms of sq whose classical vev vanishes 

S2 = -2pl + -±^, (4.17) 



-2pl + ^ ± 
Pi 



S4 



Pt 



2£6 , 
2 

Pi 
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2ml 



Pi 



Pi — mf . These vevs of gauge invariant variables are exactly the same 



where b = 

as those obtained in p5[ from the low energy effective superpotential, for Nc 



/i2Tr($^;)+//4S4 +APf$ci±2A|jj/2) where the classical vacua of ^ci = cr2®diag(ai, ai, 02) 
breaks S0{6) into SU{2) x U{1) x f/(l). For the case of pure Yang-Mills theory, it is 
known from [^ that only six points remain as mutually local dyons for 5*0(8) gauge 
theory while in S0{6) four points give the correct A^ = 1 vacua. By using the relation 
it is easy to find the value of A^(f^) and from ( [4.16|) one obtains T(f ^). 



A^ 



N^ - h^T 



h 



Iv^+{pI + S2 






h' 



4 2 '^^6 

-2p, - 2p.S2 - 2s4 7T- 

Pi 



+-2 -^p'l + K- 



6pls2 - 2p\sl - ^p\si - 2S2S4 - 4s6 



2g2-S6 

pi . 



+—i (-5Pi + A^=2(2p? - ml) - 8pls2 - Sp^sl - Qp% - 4p?S2S4 



-S4 - Ap^SQ - 2s2Sq + -J 

Pi, 

Also we get the dyon vevs from the relation mf ^ = 2h^T{p\ 



(4.18) 



m 



i,dy 



2h^ [l5pl 






liH 



?71i 



+ 2Qpls2 + Qplsi + I2p\si + Qpis2Si 



+sl + Qp\sfi + 2S2S6 



(4.19) 
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The boundary condition for w"^ gives the relation between /i4 and /i, 

h = 2/^4. 
By exphcitly calculating Cq{pi), we get the meson vevs, 



(4.20) 



Wi 



h 



K=2b 



Pi 



vri\ 



(4.21) 



Example 2: 5*0(6) with two flavors 



Let us consider the previous example with two flavors which is described by the 
curve: 



t' 



-t + A 



%^2iv' 



m^){v 



rrir, 







(4.22) 



where mi,m2 are the masses for the two flavors and Cg is the same as before. When 
one dyon becomes massless the locus in the moduli space becomes as in ([4.16|) : 



C! - A^=2^'(^' - ml)iv' - ml) = (v' - plfT{v^). (4.23) 



From this equation we again obtain the values for S2k- As in Example 1, for one massless 
dyon we have only two equations for three variables S2, s^ and Sg and we can solve S2, s^ 
in terms of sq. Our results are 



S2 



Si 






2p\ — ml 



TTlr 



2 ' 



2S6 

Pi 



A2 



± iV ^Z I Z Z , Z Z rt z z 

~W~ y^^^ ^^^^ ~ 2m^m2 



(4.24) 



where B = ±J{pi — mf)(j9f — rra^) and we take only the plus sign. Remark that B 
has dimension 2 while b has dimension 1. The value for A^(f ^) remains the same as in 
equation ( [4.1^ ) given different S2 and S4 as in ( |4.24| ) and from the explicit form of T(f ^) 
we obtain the following relation, 



N^ - h^T 



h' 



-M + ^%=2 - 2P?S2 - 2S4 



2S6 

pi 



+-[-Apl + A%^2i2pl 

O A 2S2S6\ 

-2S2S4 - 4S6 2~ 

Pi J 



m-. 



TTln 



2„2 



6piS2 - 2p^S2 - ^PiS/l 



-5pl + A^=2(3pt - 2p?m2 - 2plml + m\m\) - %p\s2 



,4„2 



-3piS2 - 6P1S4 - 4piS2S4 - S4 - 4piS6 - 2S2S6 + -j 

Pi, 



(4.25) 
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and the dyon vevs are given by 



m. 



i,dy 



2r I5pl + A%^2{-Qpt + 3pimf + Spfm^ - mfmi) + 20p5's2 



„4„2 



+6piS2 + Vlp\si + Qp\s2Si + s\ + QpIsq + 2S2S6 

Finally for meson vevs, we get 



w? = h 



A'B 

2 2 ■ 



(4.26) 
(4.27) 



4.2 S'0(2iVc + 1) Case 



At the locus where there is one dyon which becomes massless, we have 



The function of w"^ is 



Nf 

At^-^-^^^.2 n(-' - -?) = (-' - pirnv'). (4.28) 
j=i 



w' 



hJt{v^) ± //V^(t; 



(4.29) 



where if is a constant. For the finite values of w^ as t — ;► and v — » i^rrii we find 

C2nM) ^4_3q) 



wf = H 



{p\ 



mf 



By inserting t>^ = p^ into ( [4.28|) and writing C2NciPi) ^^ ^n=2 ' Pi Y{ili{p\ — 'm^Y^'^, 
we obtain 

[Pi — mi 



2 zja'^^c- - --J 
^i=HAN=2 Pi 7-2 -2^ 



(4.31) 



The asymptotic behavior of w'^ for large v leads to 



w' 






which is the same as J2k=i '^kn2kv'^^'' ^^ ■ From this relation we get 

„2 _ i^c - l)/^2(iV,-l) 



2/f = 2Ncfi2N^, pl 
Therefore we find wf completely 



NclJ'2Nc 



2 o /at / a7 7^ . 2Arc-i-Aff det(a? — 

«^i = 2JNc{N^ - l)/i2iv,/i2(7v,-i)A^=2 — r^ — 



af - mf] 



2U/2 



(4.33) 



(4.34) 
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which exactly coincides with the meson vevs ( |2.56| ) from field theory results in the low 
energy superpotential ( p.54|) in section 2. 



Example 3 : SO (5) with 1 fiavor 
As we did in the case of SO [6), the N = 2 theory of this model is given by the curve 



2\ 
m 



where C4{v'^, U2k) = v'^ + S2f ^ + sa in terms of S2k or Ci{v'^) = v^ — ^v'^ ^ (^ ~ ^j 
terms of U2k- 

When one dyon becomes massless, the locus in the moduli space becomes 

P - %^ - f^ - ^1 V - A%=2v'{v' - ml) = {v'-pirnv'). (4.36) 



By inserting t>^ = pi in equation ( [4.36| ) and its derivative with respect to v^ we obtain 



two equations for U2, u^ which are solved to give 



„2 , a2 iPi , b 



U2 = Api±A%^,l^ + -U (4.37) 



. ^ 4ri.AL. 4rf ^.A -B£p U^ a,A 



2 



where b = ±\/pi — m"^ and we take only the plus sign for b. It is easy to see that these 



vevs of gauge invariant variables are exactly coincident with those of |73|, ^ obtained 



from the low energy effective superpotential, for Nc = 2, /i2Tr($^J + ^14^3'^ ± 2A|^/2) 
where the classical vacua of $cz = cr2 ® diag(ai, ai, 0) breaks 50(5) into SU{2) x U{1). 
Note that the pure case has been discussed in |7^ where the three intersection points 
correspond to a pair of mutually local dyons becoming massless. We want to see the 
dyon vev and the finite value for w^. The sum of two solutions of w'^ satisfying ( p. 221 ) 
and product of them can be summarized as 

N = Hiv'+pl-^), 
N^-H^T = H^[-2pt + A%^^-2s4 + plu2). (4.38) 

The dyon vevs are obtained from the explicit form of T{p\) as follows 

mt,, = 2H'T{pI) = 2H' (^-2pMl=2 + ^^^'^=2) • (4-39) 
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Also we have the parameter /i4 
and the meson vevs wf 



H = 2fj.4 



W-i — rl—:^ 77. 



(4.40) 



(4.41) 



4.3 Several Massless Dyons 



We discuss the even case S0{2Nc), the odd case S0{2Nc + 1) going exactly the same. 
If there are / massless dyons, the curve can be factorized as in (|2.171 ) 



ci^Av') 



A 



iNc-i-2N; 4 



Nf 



N=2 



V 



m-'-^f) = m^'-p'rnv') 



i=l 



i=l 



and w'^ is given by: 



w 



h{v^ 



-V^ 



± 



h{v' 



-\/n^ 



(4.42) 



(4.43) 



where now h{v'^) is a polynomial of degree 2/ — 2 in v. The degree of h comes from the 



degree of w {v ) which is 2Nc — 4 from ( |3.4D and the degree of T{v ) is ANc — 4Z giving 
the degree 21 — 2 for h{v'^). As in the case with one massless dyon, for Nf < 2N(. — 2 we 
can write 

ani f..2 __ ^2\ ^ ^^^ ' 



and we decompose 



h{v)C^NXv^ 



v'^I{i=i{v'^-Pi\ 



GM)+G,{v')X{{v'-pI). 



{AAA) 



(4.45) 



i=l 



We obtain wf = w'^iv 



2/'„,2 



mj 



GiK) 



n,=iK'-p?) 



. The value for Giipf) is 



Gi(p?) = Mb) 



\ 



Nf 



n(p?-"^j)Ajv=2 



2Nc-2~N 



f 



(4.46) 



Then again the discussion goes the same way as in [^ and is similar to the one involving 
only one massless dyon. We determined the coefficients of the polynomial Gi{mf) and 
we plugged back into the expression for wf to obtain 

' /l(pi)det(p2-m2)V2 ^2iV,-2-7V 



w. 



E 
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2\^N=2 



f 



(4.47) 



Because the unbroken gauge group is the same as the one obtained in the SU case, the 
formulas ( p.60|) and ( [4.47| ) agree only for ri = ■ ■ ■ = r^ = 2 by identifying Oj with pi and 
with h. So in S0{2Nc) case as one of the Tj's is greater than two, we have a disagreement 
between the field theory and brane configuration result. This implies that Wa 7^ in 
the "integrating in" method. It would be very interesting how to obtain the singular 
submanifolds of the N = 2 Coulomb branch the low energy effective superpotential 
parametrizes. 



5 Conclusions 



In the present work we have considered N = 2 supersymmetric gauge theories with 
gauge groups SO{Nc) by using field theory approach. By adding a general superpoten- 
tial (p.ll|) corresponding to the relative orientation between two NS5 branes, we obtained 
the description of the resulting A^ = 1 gauge theory in both field theory and string/M 
theory. The nonsingular locus of the N = 2 Coulomb branch is lifted while the only sin- 
gular points remain, where massless monopoles condense by perturbation. We explicitly 
calculated the monopole vevs, in field theory by studying a point in the N = 2 moduli 
space of vacua and in M theory by exploiting the M theory fivebrane configuration. We 
have obtained the same contradiction as in the case of SU{Nc) groups given by the low 
energy effective superpotential obtained by the "integrated in" method. In other words, 
this is zero for the enhanced gauge group SU{2) but is different from zero for SU{r) 
with r > 2. We have also given the examples of SO (5) and 5*0(6) gauge groups in order 
to illustrate our methods. 



As in the case of the simplest mass superpotential studied previously |3^, we did 
not obtain any information about the particles at singular points, i.e., about their exact 
electric and magnetic charges. This remains an interesting direction to pursue both in 
field theory and in M theory. Also, it is extremely important to obtain the corrections 
to Wa in order to see a complete match between field theory and M theory. It would 
be related to calculate the superpotential using the fivebrane configuration. These two 
directions are very important and deserve further study. 
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